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Formulation of the problem Introduction

Piecewise Bicubic Hermite Interpolation
Accuracy

Introduction

Given the averages mj; = 7 [, }fjff_1 F(x,y)dxdy on a
rectangular mesh xo =a< x; < ... < X, = band

Yo=cCc<Yy; <...<ym=dofafunction F(x,y) defined in
[a, b] x [c,d]:

(weassumen=m,a=c=0,b=d=1,h=1/n, x; = ih, y; = jh)

Find H(x, y) s.t. H(x,y) = F(x, y) that is smooth, accurate,
and monotonic on R=[0, 1] x [0, 1]
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Formulation of the problem Introduction
Piecewise Bicubic Hermite Interpolation
Accuracy

Piecewise Bicubic Hermite Interpolation

Given the values {f;;}, {fi}, {f,ij} and {fy, ;;}, that s,
2
(FOGON ALY AL F(x 0} {525 F(x.y)} at the nodes
{(xi, )} , the piecewise cubic Hermite interpolant is
H(x,y) = Hij(x,y) it (x,¥) € [Xi, Xis1] X [y}, Yj31], where:

Hij(x,y) = fijhi(x)hyj(y) + fipq jhei(X) D1 j(y)
+fi jr1 D i{(X) 2 (V) + fiq jr1 b i(X) 2 i(y)
—|—fx7,'7jh37,'(X)h1 7,-(y) + fx,i+1,jh4,i(x)h1 ,j(y)
+xijr1h3,i(X)h2i(¥) + f it jr1hai(X)h2j(y)
+yi i (X3 j(y) + fyiv1,ih2,i(X)hs j(y)
1y i1 i(X)haj(¥) + Ty iva jr1h2,i(X)ha j(y)
+1xy,ij13,i(X)N3j(¥) + fiy it1,iha,i(X) 3 j(¥)
ey j+103,i(X)a j(¥) + fy i1, 1 Pa,i(X) Paj(y)
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Formulation of the problem Introduction
Piecewise Bicubic Hermite Interpolation
Accuracy

Piecewise Bicubic Hermite Interpolation

h1,,'(X) = 2(ﬂ)3_3(u)2+1

Xip1—Xi Xit1—X;

hei(x) = —2(325)° +8(x 7y X'x, y
hai(x) = ((x,ijx'}(, ) = 2(55 757 + (575%) (Xt — xi)
hai(x) = ((x,+1 —x; )? - (x,i:fi)(,)z)(xi+1 - Xj)
and
hijly) = 2(525)° = 3(5- 2, +1
=Y, =Y,
A Ly e U
hai(y) = ((25)° — 2055257 + G2y )it — )
haj(v) = (G25)° — G 2P Wi = ¥)-
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Formulation of the problem Introduction
Piecewise Bicubic Hermite Interpolation
Accuracy

Piecewise Bicubic Hermite Interpolation. Accuracy

Accuracy with exact values PBH

If F(x,y) is smooth and f; = F(x;, y)), fx.ij = 2 F(xi, ¥)),
fy,/,/ 8y,:(xlayj) and fxy,/,/ a)(?;y F(X,,y/) then

H(x,y) = F(x.y) + O(h%)

Accuracy with approximate values PBH

If F(x, y) is smooth and f; ; = F(x;, y;) + O(hP"),
fx,i,j =£ F(thj) + O(h ), Fyij = ayF(thj) + O(hP*) and

H(x,y) = F(x, y) + O(hmir{4p1.p2=1:ps—=1,p4=2}y
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Formulation of the problem Introduction
Piecewise Bicubic Hermite Interpolation
Accuracy

Piecewise Bicubic Hermite Interpolation

Here we assume that we know

1 (% [
m;; = h?/ / F(x, y)dxdy
Xi—1 Y Yj—1 )
A way to compute {f;;}, {x,i}, {y,ij} and {fy ;;} defines an
algorithm for constructing a cubic Hermite interpolant.

N
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Evaluation of pointvalues and derivatives

Linear techniques.

Linear techniques

A LA LA 4L 4L 4

rof-v. v v v v X

. A LA LA 4L 4L 4

ro-ve. v v Vv Vv XY
A L L A 4L 4L 4

. A L L LA 4L 4

ro-vve. v v VvV Vv Y

. A AL L LA LA 4

rof-v. v ¥ v v X

A Nonlinear Interpolation Method for Cell-Averaged Data

From my g, k=i-2:i+8,¢=j-2:j+3,

where

¥
Mie = [ [) | Flx.y) axdy,
we construct p:iZ ., such that

ka 1‘]‘}/}3 ; o 2,j— (X, y)dxdy= my .

and define
55
f = p:“ig,j’,g(xi:yj)
= ax p,-5_2’/._2(x,',yj)
f5 5

— 5 YA
v.ij 6y p,'_2’j_2(xlvyj)

55 82 5
fxy ij — 9xdy pifz,jfz(xivy/)

55
fx:/
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) _ Linear techniques
Evaluation of pointvalues and derivatives

Linear techniques. If F(x, y) is smooth in [x;_3, X, 3] X ¥j_3, yj;3]

B 4 4 4 + ¢ QrErE——r

OO 7= LF(x,y) + O(h);

B A 4 A 4 4o SRR
£% i = a5y F (X1, ¥j) + O(H)
. OO OO
2 2 2 2 2 2

. A AL L LA LA 4
rof-v. v ¥ v v X

Xi  Xit1 Xiv2 X3
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Linear techniques

Evaluation of pointvalues and derivatives :

Nonlinear techniques

Linear techniques. If F(x, y) is smooth in [x;_3, X;, 4] X ¥j_3, yj14]

A LA LA 4L 4L 4
rof-v. v v v v X

. L L A A 4L 4
ro-v. v v v ¥ Y

. L L A A L 4

h &b 4L 4L 4L 4L 4
ro-vve. v v VvV Vv Y

h b 4L 4L 4L 4L 4
rof-v. v ¥ v v X

A A A A A 4L 4

Yi-
)%/—3 Xi—2 Xi—1  Xi X1 X2 Xiy3

Accuracy

et = F(Xk,ye) + O(FP);
fon o = 2 F(xk, o) + O(H°);

)éylé,é’ T~ ox
ke = ayF(xk ye) + O(h°) ;
2
fortke = o5y F (X, ye) + O(hY),

fork =i,i+1,¢=j,j+1. Then

Hi,j(va) = F(X, y) + O(h4)

in [xi, Xis1] X [y, Yie1]
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) _ Linear techniques
Evaluation of pointvalues and derivatives

Linear techniques. Discontinuity

B 4 4+ 4 + ¢ QrErE—r"

WO = 5xFy)+0h™);
OO 5= 2F0x.y) o

A 4 A 4 4o SRR 8
for0 = a2 F (%, 37) + O(h2)
. OO OYW
i

. A AL L LA 4L 4
rof-v v ¥ v v X

Xi  Xit1 Xiv2 ' Xit3
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Linear techniques

Evaluation of pointvalues and derivatives
Nonlinear techniques

Linear techniques. Discontinuity

Accuracy

‘COOOO® |

fj’;”/ = ﬁF(x,-,y,-) +0(h™;
= F(x,, ¥)+0h;

‘
d ; -2
‘ fxyl_/ 8x8y (X’7-y])+0(h )
4

)

V\V\V WV WV\VW

. WY  H(xy)=Flxy)+O(H)
2 2 2 2 g

WY XXl < Vi1, Yl

Yi-
)%/—3 Xi—2 Xi—1  Xi  Xit1 X2 ' Xit3
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Linear techniques

Evaluation of pointvalues and derivatives ’ .
Nonlinear techniques

Nonlinear techniques. Discontinuity

. oA LA LA 4L 4L 4
r-{-v v v v v~y

W huig 7 F0 0);
"SR i~ )

A A4 A L o JEEEFETIINN

WWWeWeWYy ad
r vy vev ey eys

A A 4L L 4L 4L 4 H(x,y) = F(x,y)
2 2 2 b 2 4h

OO in the subintervals not affected
X, X1 X2l x.s DYy the discontinuity

&

i—3 Xi—2 Xi—1
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Linear techniques

Evaluation of pointvalues and derivatives ’ .
Nonlinear techniques

Nonlinear techniques
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Evaluation of pointvalues and derivatives

Nonlinear techniques

Linear techniques
Nonlinear techniques
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From my ¢, k=i—2:i¢=j—2:j, we construct
02 2/ , such that

Xk , f pfizyjiz(x,y)dxdy: my , and define

0,0 _
f,’J p,,z ]72()(/ y/)
0,0 _
fX,Ij 6)( p, 2,j— 2(%i, y/)
fO 0 _ i )
v.ij 3y P/73,/73 is Yj
0,0 82

2
xy,ij — axoy Pi-3,j—3i )

From my ¢, k = i—2:i¢=j+1
construct p? , ;.4 such that

: j+ 3, we

Xk Ye i
ka_1 e P75 j41(x, y)axdy= my o and define
03 _ o
f//' pi721/‘+1(xl‘a yj)
03 _ 9 o2
fe. Jij T ox Pi—z,j+1 (%))

03 _ 9 o
fy ij = By P,',z,pr(xi»yj)
0,3

xy,ij Bxay pl?—Z,j+1(Xi7,Vj)
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Linear techniques

Evaluation of pointvalues and derivatives ’ .
Nonlinear techniques

Nonlinear techniques

Frommkyg,k=i+1:/+3,z:/72;/‘,we

Yj+3

?(SStruS p,+1/ , such that | . 00000.
ka N P21 j_a(x, y)dxdy= my , and define y,+©©©©©©
PO_ o 100000
ij Pii1,j—2(Xis %)) Yj
f)?,ol _ E;’jx P,‘2+1,,'72(Xivyj) }//*‘-OOO...
i 000 eee
30, = aig pi2+1,/—3(xf*yi) }’/*OOO...
yyis y Xj—3Xj—2Xj—1 Xj Xit1 Xiy2 Xiy3
Yj+3
From my o, k = i+1:i+3,¢=j+1:j+3, We
construgfi),+1 +1I;ruch ;h+at SR i+ OOO...
;2:1 };VZZ , p;+1 1 (% y)axdy= M ¢ and define }/ﬁ«,%%%:::
yi
=t K e/e/0,0/0/®
fxé’/?{ = x p/+1 I+1(X’ ) ¥i— OOOOOO
i = 86y PPt s 0 ) Yo 00000
3,3 32 Xi—3Xj—2Xi—1 Xj Xit1 Xit2 Xit3

xy,ij — 9xdy p«2+1,1+1 (xi> ¥7)
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Linear techniques

Evaluation of pointvalues and derivatives ’ .
Nonlinear techniques

WENO techniques. Optimal weights. Central WENO

Now we define

o= 2(m- (et ) 5)
iy = 2 (fxsfj— (fxofi?ﬁ fori+ oy + fxa,’f/) %)
B = 285 (Rh+ 05+ 00+ 05) 5)
T = 2 (155 (B0 + 55+ 60+ 55) 5)
(7 = ghivght+gh+ghl+ gl
£ = ghut g+ g+ g+ gth
0 = ghutghhtglivahnt gty

5,5
XY,ij
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Linear techniques
Nonlinear techniques

Evaluation of pointvalues and derivatives

WENO techniques. Nonlinear Weights

We have
1~ 1 1 1
556 0, O 0,3 3,0 133
i =ahit 8f Tl gl tghi
We define & j, w ,je, k,¢=0,3 and

00f00 ('),l3fl0‘,3 30f30 33f33

f w’/fvler I] i Ij ij

)

Goal: If F(x,y) is smooth only in [x;_3, xi] x [yj_3, ]

wii ~1,0;~0, wojsNO w3jo~0 w33NO ande~f°°.
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Linear techniques

Evaluation of pointvalues and derivatives ’ .
Nonlinear techniques

WENO techniques. Smoothness indicators

Shu et al. 1996-2021

Xj+h/2 yi+h/2 L 2
_ 81 2
/S,fj-e = Z firte=il / / <WP/2—2+/(,/—2+/5(X, Y)) dxdy,
h+k=1,2 Xi—h/2 yj—h/2
Arandiga et al. 2010
K2 a1 (0T 5 2
/Si’j' = Z h h ok pi—2+k,j—2+f(xi7yf) dXd%
htlb=1,2
e 0,0 0,3 3,0 3,3
/S,',j = ISi,j +/S,-J- +/S,-J- +/S,-7j
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Linear techniques

Evaluation of pointvalues and derivatives ’ .
Nonlinear techniques

WENO techniques. Nonlinear weights

k.t 1/8 _ N 1/2
CKIJ = ﬁ, k,f—o,s, OC/J— o 7a Z
(re+1s5) (r+18:))
o~ 0,0 0,3 3,0 3,3
Qij = O T OGy FOGE O O
k.l ~
i B
w;(’-é Yok, 0=0,3; Wjj = d,
7./ al,] alv/
w _ ~ F. ., 0000, 03,03, 300, 6 33733
o= Sy e T T W
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Linear techniques

Evaluation of pointvalues and derivatives

Nonlinear techniques

If F(x,y) is smooth in [x;_3, Xi 4] X yj_3, ¥j+4]

A LA LA 4L 4L 4
rof-v. v v v v X

. L L A A 4L 4
ro-v. v v v ¥ Y

. L L A A L 4
. A L L LA 4L 4

. A AL L LA LA 4
rof-v. v ¥ v v X

A A A A A 4L 4

3 Xi—2 Xi—1 Xi  Xit1 X2 Xit3

&

j—

Accuracy

fele = F(Xk,ye) +O(h°);

ke = ox & F(xk, ye) + O(h°);
ke = @y F(xc, ye) + O(h°) ;
f)gj ke = 8x8y (Xkd’z) + O(h4)

fork =i,i+1,4=j,j+1. Then
Hi,j(Xay)

in [x;, Xip1] X [V, Y1)

= F(x,y) + O(h*)
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Linear techniques

Evaluation of pointvalues and derivatives

Nonlinear techniques

If F(x,y) has a discontinuity in (x; o, Xi13) x [Vj_3, ¥j+3]-

. oA LA LA 4L 4L 4
r-{-v v v v v~y

. L L A A 4L 4
ro-v.. v v v Vv Y

. L L A A L 4
. A L L LA LA 4

. A AL L LA 4L 4
rof-v v ¥ v v X

A A A A A 4L 4

3 Xi—2 Xi—1 Xi  Xit1 Xig2 ' Xig3

&

j—

Accuracy

fele = F(Xk,ye) +0(h);

feke = ox & F(xk, ye) + O(PP);
ke = @y F(xc, ye) + O(h?) ;
f)gjkl 8x8y (Xk7YZ)+O(h1)

fork =i,i+1,4=j,j+1. Then
Hi,j(Xay)

in [x;, Xip1] X [V, Y1)

= F(x,y) + O(h°)
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Linear techniques

Evaluation of pointvalues and derivatives

If F(x,y) has a discontinuity in (x;, Xj11) %

. oA LA LA 4L 4L 4
rof-{-v v Vv Vv Vv~

. L L A A 4L 4
ro-v VvV v v ¥ Y

. L L A A L 4
. A L L LA L 4

. A AL L LA L 4
rof-v. v v Vv v X

A A A A A 4L 4

3 Xi—2 Xi—1 Xi "Xit1 Xiq2 Xit3

&

j—

Nonlinear techniques

[Vj—3, Yj+3]-

Accuracy

fele = F(Xk,ye) +0(h);

ke = ox & F(xk, ye) + O(PP);
ke = @y F(xc, ye) + O(h?) ;
f)gjkl 8x8y (Xk7YZ)+O(h1)

fork =ii+1,¢=jj+1. But
H,’J(X,y):

in [x;, Xip1] X [V, Y1)

F(x,y)+ O(h°)
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) . L Linear techniques
Evaluation of pointvalues and derivatives ’ .
Nonlinear techniques

If F(x,y) has a discontinuity in (x;, x;, 1) x [Vj_3, ¥j+3]-

Accuracy

fele = F(Xk,ye) +0(h);

ke = ox & F(xk, ye) + O(PP);
ke = 3y F(xc, ye) + O(h?) ;
f)gjkl 8x8y (Xk7y€)+0(h1)

fork =ii+1,¢=jj+1. But

Hi,j(xvy) = F(va) +(D(ho)

in [X,‘,X,'+1] X [}/j,y/+1] )

Xit1 Xy Xit3

F. Arandiga Workshop in honor of Albert Cohen. Paris 24/42

A Nonlinear Interpolation Method for Cell-Averaged Data



Evaluation of pointvalues and derivatives . .
Nonlinear techniques

If F(x,y) has a discontinuity in x; x [y;_3, yj 3]

Accuracy
fey = F(Xc, yo) + O(hO);
ke = axF(Xka}’e) +O(h™);

Bie =3 orf F(Xk, ye) + O(h71)
ke = axay F(xc, ye)+O(h~2),
fork =i, £=j.
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Evaluation of pointvalues and derivatives . .
Nonlinear techniques

If F(x,y) has a discontinuity in x; x [y;_3, yj 3]

Accuracy
Ry = FOx 1) + O(P);
ke = ox & F (X, ye) + O(P);

ke = 8y F(Xk, ye) + O(F?) ;
ke = axay F(xc, ye) + O(h'),

fork=i—1,i+1,¢0=].
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: . . Linear techniques
Evaluation of pointvalues and derivatives ’ .
Nonlinear techniques

If F(x,y) has a discontinuity in x; x [y;_3, yj 3]

Accuracy
fy = F(xk, ye) + O(hO);

fike = axF(Xka}’e) +0(h™);
foke = 8y F(xc, ye) +O(h™");
ke = axay F(xc, ye)+O(h~2),

fork=i,¢=j-3,j+3. Then

Hi,j(xvy) = F(va) +(D(ho)

iN [Xi—1, Xit1] X [Vj—3, Yj+3] |
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Evaluation of pointvalues and derivatives . .
Nonlinear techniques

If F(x,y) has a discontinuity in y = x.

£y = F(xk, ye) + O(R°);
fike = axF(Xka}’e)Jr@(h_ );
B = o 8y F(xc, ye) +O(h™");
ke = axay F(xc, ye)+O(h~2),

fork =i, ¢=j.

h A 4L 4L & 4
b2 2b 2 2 )¢

P 4. L L 4
r--‘o4# Y Vv Vv XY
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Evaluation of pointvalues and derivatives . .
Nonlinear techniques

If F(x,y) has a discontinuity in y = x.

f'y = F(xk, ye) + O(h®);
fike = axF(Xka}’e) +O(P);
Bike = 8y F (X, ye) + O(HP) ;
ke = axay F(xc, ye) + O(h'),

fork=i—1,i+1,¢0=].

v X

h A 4L 4L & 4

X
b2 2b 2 2 )¢

o A
ro-v v ¥

P 4. L L 4
r--‘o4# Y Vv Vv XY
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Evaluation of pointvalues and derivatives . .
Nonlinear techniques

If F(x,y) has a discontinuity in y = x.

X

vyvvyy

Then
Hij(x,y) = F(x,y) + O(h°)

{‘
, N
r vy v
N
>

in [X/_1,X,'+1] X [yj_1,yl'+1].

o A A A 4
R A

. I L L 4L
r--‘o4# Y Vv Vv XY

J
4
d
‘
d
4
d
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Linear techniques

Evaluation of pointvalues and derivatives ’ .
Nonlinear techniques

If F(x,y) has a discontinuity in y = x.

4
‘
_d

Accuracy

A4
< < Then
PRW 0 Hix,y) =
Xy F(x,y) + O(h°) between
An 4 blue lines
8 o H =
A 4 i,j(ny) -

F(x,y) + O(h®) close to
discontinuity

V|
N
VS
‘
4

o Hi,j(X7y) =
F(x,y) + O(h*) away to
discontinuity

Xit1 Xy Xit3
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Example 1

Example 2
Numerical experiments EZ?;E::;S
Example 1.
Given the averages m;; = 7 [, [7 F(x,y)dxdy ona
1 j—

rectangular mesh xg = 0, x,_/h Yo=0,y=jh h=1/16,
i,j=1,...,16, where

sin(r(x +2)/8) cos(r(y +2)/8), 0<x<50<y<5
F(x,y) = sin(m(x +2)/8)cos(m(y +2)/8), 5<x<1,0<y<.5
V)= sin(m(x + 2))/8cos(n(y +2)/8), 0<x<.5.5<y<1
sin(m(x +2)/8) cos(m(y +2)/8), 5<x<1;5<y<1

we obtain an approximation H(x, y) to F(x, y) and compare

Xi y]
v | Hoyday
Xi—1 Y Yj—1

with m;
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Example 2

Given the averages mj; = 7 [, 2?_1 F(x,y)dxdy on a

rectangular mesh xo = 0, x; =i h, yo =0, y; = j h, h=1/186,
i,j=1,...,16, where

[ sin(m(x+2)/8)sin(m(y +2)/8)+15, 0<x<y<A1,
Flxy) = { sin(m(x +2)/8) sin(r(y +2)/8) + 5, 0<y<x<1;

we obtain an approximation H(x, y) to F(x, y) and compare
1 (% i
Vij = h2/ H(x, y)dxdy
Xji—1 v Yj—1

with m; j

A Nonlinear Interpolation Method for Cell-Averaged Data F. Arandiga Workshop in honor of Albert Cohen. Paris 35/42



Example 1
Example 2
Example 3

Numerical experiments )
Conclusions

Example 2. Linear techniques

Original image Original image

ethod for Cell-Averaged Data F. Arandiga Workshop in honor of Albert Cohen. Paris 36/



Example 1
Example 2
Example 3

Numerical experiments )
Conclusions

Example 2. Linear techniques

Original image

F. Arandiga Work of Albert Cohen. Paris 36/



Example 2.

Numerical experiments

Linear techniques

Example 1
Example 2
Example 3
Conclusions




Numerical experiments

Example 2. Linear techniques

Example 1
Example 2
Example 3
Conclusions




Example 1
Example 2
Example 3

Numerical experiments )
Conclusions

Example 2. Linear techniques

Original image.

A Nonlinear Interpolation Method for Cell-Averaged Data andi i Paris 36/42



Example 1
Example 2
Example 3
Conclusions

1
025
02
8015
05

01
005
0

0
0 05 1 0 05 1

Numerical experiments

Example 2. Linear techniques

Original image Error in non affected by disc




Example 1
Example 2
Example 3

Numerical experiments )
Conclusions

Example 2. Nonlinear techniques

Original image Original image

ethod for Cell-Averaged Data F. Arandiga Workshop in honor of Albert Cohen. Paris 37/



Numerical experiments

Example 2. Nonlinear techniques

Example 1
Example 2
Example 3
Conclusions




Example 1
Example 2
Example 3

Numerical experiments )
Conclusions

Example 2. Nonlinear techniques

Original image Error poinvalued obtained

d for Cell-Averaged Data



Numerical experiments

Example 2. Nonlinear techniques

Example 1
Example 2
Example 3
Conclusions




Example 1
Example 2
Example 3

Numerical experiments )
Conclusions

Example 2. Nonlinear techniques

Original image. Error original-reconstructed

A Nonlinear Interpolation Method for Cell-Averaged Data



Example 1
Example 2
Example 3

Numerical experiments )
Conclusions

1 T
16
14
12
1
05 =
08
06
04
02
0 v 0
0 05 1

Original image Error in non affected by disc

Example 2. Nonlinear techniques




Example 1
Example 2
Example 3

Numerical experiments )
Conclusions

Example 3

Given the averages m;; = x, 1 fy/ (x,y)dxdy on a
rectangular mesh xg = 0, x, =ih y = 0 yj=jh h=1/16,
i,j=1,...,16, where

[ exp(x +y)+10,  (x+ .22+ (y+.2)2 <1,
F(X’y)_{exp(X2+y2)+2O, (X+ ) (y+ ) 1,

we obtain an approximation H(x, y) to F(x, y) and compare
1 (% [

— [ | Hexy)onay
h2 Jx .y Jy,.

with m;
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Conclusions and future work

@ While linear interpolation may perform adequately in smooth regions, it
introduces significant errors or overshoots near jumps or steep
gradients.

@ The Hermite-based nonlinear approach maintains smoothness while
adapting to local variations, making it well-suited for data with
discontinuities

@ We can not avoid the stair effect.

@ Detect where the discontinuity is and the values (Xx;, y;) where we obtain
a good approximation and only use these points (with rectangles or
triangles).

@ Detect where the discontinuity is and extend information from the
H; j(x, y) well calculated to the cells with the discontinuities.
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