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Outline

1. What is natural gradient and why we may need it?
= Problem setting
= From gradient descent to Newton’s method.
= From Newton’s method to natural gradient.
= Toy examples to gain intuition.

2. What is momentum and when we may need it?

3. How to combine momentum and natural gradient.
= Two toy examples

= Two less toy examples




Problem formulation

Objective: approximate target functionu € Vbyv e M CV

Target function w:RESReV Hilbert space
L*(Q), HY(Q),...
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Problem formulation

Objective: approximate target functionu € Vbyv e M CV

Target function w:RESReV Hilbert space
L*(Q), HY(Q),...

M = {vy(z) = A(0)(z); 0 € RP} Linear model,

Approximation Neural network,

manifold



Minimization problem
Objective: approximate u € V byv € M.

Continuous problem



Minimization problem

Objective: approximate u € V byv € M.

Continuous problem

Discrete problem

1
Lu() = 5 llu—vlly,
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Minimization problem
Objective: approximate u € V byv € M.

Continuous problem

Functional perspective

v" = argmin £, (v)
veM

Discrete problem

1
Lu(0) = 5 llu—ol,

Parameter perspective

0* = argmin £, (A(0))
OcRr

Ly(A(0)) = (Ly o A)(6) =: L(0)



Gradient descent

Iteratively improve approximation by minimizing £ (6 ).

Taylor expansion around current iterate 0.

L(0) =~ L(Or) + (VoL(6k),0 — Or)re

INIG)
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Iteratively improve approximation by minimizing £ (6 ).

Taylor expansion around current iterate 8}, plus penalization on the distance traveled on each step.
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Gradient descent

Iteratively improve approximation by minimizing £ (6 ).

Taylor expansion around current iterate 8}, plus penalization on the distance traveled on each step.

1
0=V |L(O)+ (VoLl(Or),0 — Or)re + 2—8p(9, Or)

NIG)




Gradient descent

Iteratively improve approximation by minimizing £ (6 ).

Taylor expansion around current iterate 8}, plus penalization on the distance traveled on each step.

1
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Gradient descent

Iteratively improve approximation by minimizing £ (6 ).

Taylor expansion around current iterate 8}, plus penalization on the distance traveled on each step.

1
§V9p(0, Gk) = —8V9£(0k)

Gradient descent
p(0,0) = |10 — Ok |7
Vep(@, Qk) = 2(0 — Gk)

0 = Hk — SVQL(gk)



Preconditioned gradient

Iteratively improve approximation by minimizing £ (6 ).

Taylor expansion around current iterate 8}, plus penalization on the distance traveled on each step.

1
§V9p(0, Gk) = —8V0£(0k)

Gradient descent Preconditioned gradient
p(0,0r) = |6 — Ol p(0,6r) = 10 — 6l
Vep(@, Qk) = 2(0 — Gk) Vgp(e, Qk) = 2M(0 — Gk)

0 =0, — sV,L(0) 0 =0, — sM~1V,L(6))



Newton’s method

Iteratively improve approximation by minimizing £ (6 ).

Taylor expansion around current iterate 8}, plus penalization on the distance traveled on each step.

1
§V9p(0, Gk) = —ngﬁ(é?k)

Gradient descent Newton's method
p(0,0) = |10 — Ok |7 p(0,0r) = [0 — Ok||%
Vep(@, Qk) = 2(0 — Gk) Vep(e, Hk) = 2H(9 — Ok)

0 =0, — sV,L(0) 0 =0, — sH 'V,L(6;)



Functional gradient and geometric intuition
Some properties [Gruhlke, Robert, Anthony Nouy, and Philipp Trunschke. 2024].

2L 0 [0L 0
80,00;  06; |06;| — 96; | 06; 0;

Hij =

0A
[ / VL (0)(@) - (@)i(e)
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Functional gradient and geometric intuition

Some properties [Gruhlke, Robert, Anthony Nouy, and Philipp Trunschke. 2024].

2L 0 [0L o[ 0 A
00,00,  06; [aej 00; a_gj(ﬁu OA)] — [/Q Vﬁu(ve)(x)a—gj(w)d,u(a:)

0 0A
= 0, _<V‘“’ afo)J
1

L,(v) = §||u—v||%2(m — VoVL,=u—v

0
00;

Hij =




Natural gradient from Newton’s method

[Amari, Shun-ichi. 1998| [Martens, James 2020].

0*L 0 [oL [
_ _ 0 i(guo A)| =
00;00;  00; | 06, 00; | 00;

0 0A
= 0, _<V‘"’ afo)J

0A 0OA 02A
- <HV‘a—exafoj>V+ <“w—aaiaej>v

H, = W [ / vcu@e)w%(w)du(m)




Natural gradient from Newton’s method
[Amari, Shun-ichi. 1998| [Martens, James 2020].
02L 0 [85] o [ 0

56:00; — 96, |96;| ~ o6, |98, L OA)] -

9 oA
“a5 (75 ,),

0A 0OA 02A
- <HV‘a—exafoj>V+ <Ww—aa@-aej>v

=G+ <V£u, HA>V

H, = W [ / vcu<ve)<x>§—g(w>du<x>




Natural gradient from Newton’s method

[Amari, Shun-ichi. 1998| [Martens, James 2020].

PL 9 [oL] 8 [0 9 A
96:00;,  96; [aej] = 56, | o0, "~ OA)] = %0, [ /Q VL) (@) 5o (@)du(z)

0 | 0A

A 0A 92A
<HV£ae ao> <V£“’aeiaej>v

=G+ <V£u,HA>

Hij =

Gii = [ 55 @IHVLWIE) 5 (@)du(o)




Natural gradient from Newton’s method

[Amari, Shun-ichi. 1998| [Martens, James 2020].

Hij =

s = o 95|~ 6 | Eeo A = g | Ve @haute)
N % _<V£u, g_9A>v]
= (meg ), (V0 agag ),
= G+ (VL Hay
Gii = [ 55 @IHVLWIE) 5 (@)du(o)
L) =5lu—vlbe — —  HL@E =1



Natural gradient from Newton’s method

[Amari, Shun-ichi. 1998| [Martens, James 2020].

o°%L 9 [oL] 9 [0 0 0A
06;00;, 06, [aej] - 06; _B_@(E“OA)] -0, UQ VEw) @) g, 09, ()dp(=)

0 | 0A

A 0A 92A
<HV£80 ao> <V£“’aeiaej>v

=G+ <V[,u,HA>

Hij =

Gii = [ 55 @IHVLWIE) 5 (@)du(o)

1
Lu(v) = Sllu = vl — HyL(v)(z) =1

9A OA
ij = — d
Gy /[aei aej] (z)dz




Natural gradient from Newton’s method

[Amari, Shun-ichi. 1998| [Martens, James 2020].
0*L 0 [0L 0[O0 0A
06,00,  09; [aej] o6; | a6; L ° )] 09; [/ VLu(w)(@) 5 (@)du(z)

) A
~ 99, _<V£“’ 80, >V]

A 0A 92A
<HV£89 ae> <V£“’aoiaej>v

Hij =

=G+ i : AjV Model linearization
0A 0A
Gij = 26, (z)[Hv L(v)](z )39 (z)dp(z).
1
Ly(v) = 5”“ — 01220 — HyL(v)(z) =1

9A OA
ij = — d
Gy /[aei aej] (z)dz



Natural gradient flow dynamics
p(6,6:) = |0 — 6:]|% — 0 =6, —sG 'VL(6)
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Natural gradient flow dynamics

p(6,6:) = 1|6 — 6x||% — 0 =6, —sG 'VL(6)
Prec.onditioned gradient flow 00 — _MV,L
in parameter space 0s
Ov _ 0000 DAYy g, 04Ty gp 04
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Natural gradient flow dynamics

p(6,6:) = 1|6 — 6x||% — 0 =6, —sG 'VL(6)
Prec.onditioned gradient flow 00 — _MV,L
in parameter space 0s
Ov _ 0000 DAYy g, 04Ty gp 04
ds 90 ds 09 AT 90 /,
LAY s 1 0A
—— (g == qg: M 1q: L. G 3=
(645 et (veeiGg),

— —ETG:M7'G: (VL,E),

_10ANT [ 104 AT L 9A



Natural gradient flow dynamics

p(6,06r) = 16 — 6kl1¢

Preconditioned gradient flow
in parameter space

Preconditioned gradient flow
in functional space

—

6 =0, —sG 'VL(O)

9vy
0s

% = —M_va[,
0s

= —ETGIM~'G? (VL,E),



Natural gradient flow dynamics

p(6,6:) = 1|6 — 6x||% — 0 =6, —sG 'VL(6)
Prec.onditioned gradient flow @ — _MV,L
in parameter space 0s
Preconditioned gradient flow % - _ ETgé M-lg: (VL,E),
S

in functional space

Gradient descent M = I
in functional space

Ovy

Y _ETqIi G E
s G:I "G: (VL,E),



Natural gradient flow dynamics

p(6,06r) = 16 — 6kl1¢

Preconditioned gradient flow
in parameter space

Preconditioned gradient flow
in functional space

Gradient descent M = I
in functional space

Ovg
~~ — _ETG(VL.E
as <V Y >V

—

0 =0, — sG VL6

9vp
0s

% = —M_va[,
0s

= —ETGIM~'G? (VL,E),



Natural gradient flow dynamics

p(6,06r) = 16 — 6kl1¢

Preconditioned gradient flow
in parameter space

Preconditioned gradient flow
in functional space

Gradient descent M = I
in functional space

(91)9 T
— = —F"G{NVL.FE
0s VL, By

—

0 =0, — sG VL6

06

=M

s VoL
8’09

70 _gTasplon
5o = —ETGIM G (VL E)y

Natural gradient M = G
in functional space
Ovg

Y _ _ETq:G'G: (VL. E
88 <V ) >V



Natural gradient flow dynamics

p(6,06r) = 16 — 6kl1¢

Preconditioned gradient flow
in parameter space

Preconditioned gradient flow
in functional space

Gradient descent M = 1
in functional space

8’09 o T
2 = ~EBTG(VL,E)y

—

0 =0, — sG VL6

9vp
0s

% = —M_va[,
0s

= —ETGIM~'G? (VL,E),

Natural gradient M = G
in functional space

(9’09 o T
-, =B (VL,E)y



Natural gradient flow dynamics

p(6,6:) = |16 — 6r||% — 0 =0, — sG VL)
Prec.onditioned gradient flow @ — _MV,L
in parameter space 0s
Preconditioned gradient flow % S ETG% MG 3 (VL, E>V
in functional space 9s
Gradient descent M = I Natural gradient M = G
in functional space in functional space
Oy Ovg
——~ =-FTG(VL,E — = —P: VL
0s < v 0s T






Toy example

Gradient descent trajectory.

u € L*([0,1])

1
Ly(v) = —||u—v||2 A
ve(z) = A(6)() 2 67 ®(x) 75, (@) = ®i(z)

T [ﬁ Sii(%w)] Gis = / [22 2—2] (z)de = 6,

Parameter space Function space Convergence
/ N 10715 —— Gradient descent

102
10-3]
~ 104
S 10-54
106
1071

1084

1091 . . ‘ : :
0 20 40 60 80 100
Iterations k




Toy example

Gradient descent is biased in functional space.

u € L*([0,1]) P L
1 2 0 0.2
u(v) = 5”“‘“” OA
vo(x) = A(0)(z) = 67 B(z) a6, 0)(z) = Bi®i(z)
_ T 1 Gi-:/[(?A BTBi-%] z)dz = [B' B];;
5| oy 00 [ |50 Blugy, | @4e = B"B)
Parameter space Function space - Convergence

1024
10734
E 1074

3 —5
310
1076
10-7
—8 .
1071 —— Gradient descent
10791 : : , , :
0 20 40 60 80 100
Iterations k



Toy example

Natural gradient descent.

u € L*([0,1]) P L
1 2 0 0.2
u(v) = 5”“‘“” OA
vo(z) = A(0)(z) = 6T Bd () 76, (@) = B;®;(x)
] 0A . 8A] .
— o7 Gi-:/[ B* Bl;i— | (x)dz = |B" Bl;;
05 | amemey| 00 [ |50 Blugy, | @4e = BB,
, Parameter space Function space Convergence
1074 Gradient descent
1071 — Natural gradient
° & It!lgration:bk i 100




Toy example

Non isotropic loss.

) (’U,)E L]_(ﬁo’ 1]) ||2 RPXP 5 B — [g—) 002]
u\U) = —||u — v K 814
ve(x) = A(6)() :29TB<1>(93) a6, 0)(@) = Bi®i(z)

Parameter space Function space Convergence

\ 10-t
1072,
/ 10-31
—4 |
E 10
S 1075
J
1076,
10774 -
—— Gradient descent
—8 .
* v 10 —— Natural gradient
ol ‘ ‘ ‘ ‘ ‘
10 0 20 40 60 80 100
Iterations k




Toy example

Natural gradient descent with loss hessian.

) (’U,)E L]_(ﬁo’ 1]) ||2 RPXP 5 B — [g—) 002]
u\U) = —||u — v K 814
ve(x) = A(6)() :29TB<1>(93) a6, 0)(@) = Bi®i(z)

Parameter space Function space Convergence

\ 10!
1072,
/ 10—3,
—~ 1074
N
;S 1075,
1076,
w0l T Gradient descent
w —— Natural gradient
¥/ 107" Natural (Hessian) gradient \
10791 ‘ ‘ : : :
0 20 40 60 80 100
Iterations k




Toy example

Natural gradient and Newton method are equivalent for linear models.

) (’U,)E L]_(ﬁo’ 1]) ||2 RPXP 5 B — [g—) 002]
u\U) = —||u — v K 814
ve(x) = A(6)() :29TB<1>(93) a6, 0)(@) = Bi®i(z)

Parameter space Function space Convergence
1071,

/ 10-314
1074,
S 10754
10-6{ —— Gradient descent
P Natural gradient
v —— Natural (Hessian) gradient
¥/ 10784 Newton \
10791 ‘ ‘ ‘ ‘ :
0 20 40 60 80 100
Iterations k

(Vi)

L




Toy example

Nonlinear manifold.

u < Lz([O, 1]) Rpo > B = 1 0 Q c ]RPXPXP
1 ) 0 0.2]
Ly(v) = 5”“‘””1{ OA

vo(z) = A(6)(z) = 67 (B + Q6)&(x) g9, V@) = (Bi+ Qif)&i(w)
Gii(0) = [(B + Qi0)" K (B + Q:9)];;

Parameter space Function space Convergence

1071,
1072,
/ 10-31
— 1074
Sk
:}:’7 10754 .
10-6] —— Gradient descent \
P Natural gradient
w —— Natural (Hessian) gradient
& v 1078 Newton \
ol ‘ ‘ ‘ ‘ ‘
10 0 20 40 60 80 100
Iterations k



Why we need momentum

Using momentum to scape local minima and correct the biased step of NGD.

Beyond L? loss

Classification v()
pu— d
problem: KL-div £u(v) /v(m) log u(x) v

Lu Vi) = |lu—"v 72n
Stochastic setting h ( ";2 I Al
empirical loss % «'L'Ik — ka))2
L(v) = |RW)|?

PDE residual X
= || — €0pzv + Opv — 1|

Escape local minima

Ovy
— =—-PrVL
0s Y

Non-linear model

9k+1 = Hk — SG,;1V9[,(91€)

0y = 0), — / G, 1 (0,)VaL(8y)dl
0






Momentum dynamics

From gradient flow to momentum [Polyak, B.T. 1964] [Nesterov, Yurii. 1983].

dé d26 dé
— = VL Sl
ds ’ ds? 7 ds VoL
Heavy-ball Nestorov
Orr1 = O + D1 Yp = Ok + B(Ok — Ok-1)

P = PBpr—1 — VoL, (0r) Or+1 =y — aVoLly(yr)

Or+1 = O + Bpr—1 — aVoLy,(0r) Or+1 = O + B(Or — Or—1) — aVoLly(yr)



Momentum dynamics in functional space

From momentum in parameter space to functional space.

Heavy-ball Nestorov
Ok+1 — Ok = Bpr—1 — aVyLy(6k) Ok i1 — O = B(Or — Or—1) — aVoLy(yr)
Ty > dv, = Pr[Bpr—1 — oV L(vy)] Ti > dv, = Pr[B(vg — vp—1) — oV L(vy)]

PV L(vg) Prpj_1 Py (v — vg—1)



Momentum dynamics in functional space

From momentum in parameter space to functional space.

Heavy-ball Nestorov
Orr1— O = Bor—1 — aVoLy(0r) Ort1— O = B(Ok — Ok—1) — Vo Ly (yr)
T 2 dv;fIB = Pr[Bpr—1 — aVL(v)] Ti 2 dv;iv = Pr [B(vp — vp—1) — aV L(vy)]
PV L(vg) Prpj_1 Py (v — vg—1)
G, V.. (6 G 1Gr 1Dk A
E Yo ( k) r Ukk—1Pk-1 Gil/ 8_ ('Uk B vk—l) (:c)d:c
90 |4,
0A| 0OA
= —| — d
Gr k-1 / 50 . 50 . (z)dx




Momentum dynamics in functional space

From momentum in parameter space to functional space.

Heavy-ball Nestorov

Or+1 — Or = Bpr—1 — aVoLy(0r) Or+1— 0 = B(Or — Or—1) — aVoLly(yr)

Ti o dvf'P = BPrpj_1 — anEVE(vk) Ti > dvp = BPy (vg — vp_1) — an{‘Vﬁ(vk)

Pg‘Vﬁ(vk) Pr.pr-1 Py (vp — vg—1)
Glzlveﬁ(é’k) Ggle,k—lpk—l G,;l/ 0A (00 — 0 1)] (2)da
a0 |, -
0A _ 0A 9A|l OA k
— —H R —
Gk / [80 L (90] (ac)dw Gk,k—l —/ % ) % , (a:)da:




Toy example

Escaping local minima.

u € L*([0,1])

1
Lu(®) = Sllu—olk

vg(z) = 01" ®(x) + 6261 ()

Parameter space

Function space
\

dvy'” = Pr[Bpr-1 — aVL(vy)]

dvy’ = Pr[B(vr — vk-1) — aVL(vp)]

*h

Convergence

.

-7] —— Natural (Hessian) gradient

—— Natural Heavy-ball

i —— Natural Nestorov

0

L |
20 40 60 80
Iterations k

100



Toy example

Not L? loss.

u € L2([O 1])

Ly(v) = —IIf() OIS

fl)= 1 +wlv—q*)(v—q) +gq
g=Ry(u—v)+v

J‘f:.'..'(Vk)

101 i

10—1,

10—3 i

10—5 i

10—7 i

10°°

dv;'? = Pr[Bpr-1 — aVL(v;)]
dvy = Pr[B(vr, — vk—1) — @V L(vg)]

Convergence
—— Natural (Hessian) gradient
—— Natural Heavy-ball
—— Natural Nestorov
vy
0 25 50 75 100 125 150

lterations k



Mackey Glass m =150 over 500

10715
A less toy example [Park, H, S.-1 Amari, and K Fukun
(2000)].
Mackey Glass caotic time series: 10-2.
t —
= 2(t+1) = (1-b)z(t) + arrDm z
» Input: z(t), z(t — 6), z(t — 12), z(t — 18) f
= OQutput: z(t + 6) T
Model (shallow NN 10 neurons): vp : R* — R
1074
- 1 5 10 60
Lo lterations (k)

x(t)

0.8
—— Natural (Hessian) gradient
—— Natural Heavy-ball

04 —— Natural Nestorov

0.6




Mackey Glass m =50 over 500

10—1_
A less toy example [Park, H, S.-1 Amari, and K Fukun
(2000)].
Mackey Glass caotic time series: 10-2.
t— —
o 2(t+1) = (1-b)z(t) + ey 2
= Input: 2(¢), z(t — 6),2(¢t — 12),2(t — 18) g
= Output: 2(t + 6) T
Model (shallow NN 10 neurons): vp : R* — R
1074
- 1 5 10 60
L0 lterations (k)

x(t)

0.8
—— Natural (Hessian) gradient
—— Natural Heavy-ball

04 —— Natural Nestorov

0.6




Mackey Glass m =500 over 500

10715
A less toy example [Park, H, S.-1 Amari, and K Fukun
(2000)].
Mackey Glass caotic time series: 10-2.
t —
= 2(t+1) = (1-b)z(t) + arrDm z
» Input: z(t), z(t — 6), z(t — 12), z(t — 18) f
= OQutput: z(t + 6) T
Model (shallow NN 10 neurons): vp : R* — R
1074
- 1 5 10 60
Lo lterations (k)

x(t)

0.8
—— Natural (Hessian) gradient
—— Natural Heavy-ball

04 —— Natural Nestorov

0.6




Mackey Glass: sampling

Effect of natural gradient direction estimation with limited number of samples.

1,

Momentum boost

2 10 20 31 61 121 301 500 2000 5000
Number of samples (m)
—— Natural Nestorov

—— Natural Heavy-ball
—== Number of parameters



Mackey Glass: sampling
Effect of natural gradient direction estimation with limited number of samples.

1,

0.5 1

Momentum boost
o

-0.5

—— ——

2 10 20 31 61 121 301 500 2000 5000
Number of samples (m)
—— Natural Nestorov

—— Natural Heavy-ball
—== Number of parameters



Mackey Glass: sampling
Effect of natural gradient direction estimation with limited number of samples.

1,

0.5 1

Momentum boost
o

-0.5

-1 ‘ ; ; ; ; l . : , ,
2 10 20 31 61 121 301 500 2000 5000

Number of samples (m)

—— Natural Nestorov
—— Natural Heavy-ball
—== Number of parameters



Mackey Glass: sampling
Effect of natural gradient direction estimation with limited number of samples.

1,

0.5 1

Momentum boost
o

-0.5

o e

2 10 20 31 61 121 301 500 2000 5000
Number of samples (m)
—— Natural Nestorov

—— Natural Heavy-ball
—== Number of parameters



Classification task

Another less toy example from [Park, H, S.-1 Amari, :
K Fukumizu (2000)].

method
—— Natural (Hessian) gradient
—— Natural Nestorov
—— Natural Heavy-ball

Mackey Glass caotic time series:

= Input: z € R?

0.34
= Output: c € {0,1} <
J
L,(v) = [—ulog(v) — (1 — u)log(l —v) 7
|_
Model (Shallow NN): vy : R? — [0, 1]
0.14

0 20 40 60 80 100 120 140
Iterations (k)




Classification task

Another less toy example from [Park, H, S.-I Amari, ; — Natural (Hessian) gradient
K Fukumizu (2000)]. —— Natural Nestorov

method

—— Natural Heavy-ball

Mackey Glass caotic time series:

= Input: z € R?

0.34
= Output: c € {0,1} <
L,(v) = [ —ulog(v) — (1 —u)log(1—v) %

|—
Model (Shallow NN): vy : R? — [0, 1]
0.14

Time (s)






Thank you!

(2024) R. Gruhlke, A. Nouy, P. Trunschke. NGD and optimal sampling.
(2020) J. Martens. NGD Review.

(2000) H. Park, S. Amari, K. Fukumizu. NGD Experiments.

(1998) S. Amari. NGD Initial paper.

(1983) Y. Nesterov. Nestorov acceleration.
(1964) B.T. Polyak. Heavy Ball acceleration.

Powered by ] Slidev


https://sli.dev/

