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The problem of sampling recovery

Given: A domain D and a function f: D — C.

Task: Find a good approximation of f. The error is mea-
sured in Ly(u) for some p and p.

Problem: ~ We do not know f and can only obtain samples
f(x1),..., f(xy). Each sample is costly!

» What are good sampling points? What is the best we can do
with m samples?

This question only make sense if we have some a priori knowledge
about f (smoothness, structure, ...). The model class F' is the
class of all functions that satisfy the a priori knowledge.
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Sampling numbers

We want to study the worst-case error of the best possible
algorithm that uses at most m samples:

gm(F, L) = sampling algorithm
recovery map samples
. ’
inf sup Hf— @ (f(fUl)vyf(ﬂ?m))H :
L1y, €D feF p
®: Cm—L,

approximation error in L (u)

worst case over the model class

worst case error of best sampling algorithm
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What model classes I’ do we consider?
» There are many results for particular (smoothness) classes F':
Sobolev, Korobov, Gaussian, Holder, Wiener, Besov, ...

> We do not want to consider specific classes, but rather study
general relations to other approximation benchmarks.

» We discuss three different approaches.

» All three approaches work nicely if:

Let D be a compact metric space, 1 a Borel probability measure,
and F' a compact subset of C'(D), the space of continuous
functions.
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1. Comparison with best uniform approximation

The n-th Kolmogorov number of F'in C(D) is

do(F,C(D)) := inf s inf ||f — glle.
(F,C(D)) L ?22 [t ILf—all
dim(Vy)=n

best approximation from V,

2

worst case over model class
Vv

best approximation space Vi,

» It describes the best uniform approximation of F' by an
n-dimensional space.

» By the compactness, we have lim d,(F,C(D)) = 0.

n—o0
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For any D, u and F,

9an(F, Ly(n)) < 6-n27VP+ . 4, (F,C(D)).

The case p = 2 was obtained by V. Temlayakov (JoC, 2021).

The case for general p is joint work with K. Pozharska, M. Ullrich,
and T. Ullrich (JMAA, to appear).

Constants: work in progress with M. Dolbeault and M. Ullrich.
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For any D, p and F,

9an(F, Ly(p)) < 6-n1/27VP+ . g, (F,C(D)).

In fact, for any space V;, € C(D), we find a plain least-squares
estimator f := argmin ¢y, Z;‘;Ll lg(x;) — f(;)|? such that

VfeCOD): |f - fll, < 6-nl/27/P+. inf [|f ~ glleo-
g&Vn

David Krieg (University of Passau) Three inequalities for sampling numbers  Paris 2025 6 / 11



For any D, u and F,

gan(F, Ly(p)) < 6-n/27VP+ g, (F C(D)).

In general, the bound cannot be improved:

If F'is the unit ball of the Sobolev space W[0, 1] (for p > 2) or
W3[0, 1] (for p < 2), then

9u(F, Ly()) = n(2=YP+ .4, (F,C(D)).
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For any D, p and F,

92n(F,C(D)) < 4v/n-dn(F,C(D)).

Two related bounds by E. Novak (Springer Lecture Notes, 1988)
and B. Kashin, S. Konyagin, V. Temlyakov (CA, 2023):

(n+1) - dn(F,C(D))
5 dn(F,C(D))
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2. Comparison with best Lo-approximation

The n-th Kolmogorov number of F in Lo(u) is

dn(F, L = inf  su inf —
(F, La(p)) o) sup  nf 1f —gll2

best approximation from V,,

Vv
worst case over model class

-~

best approximation space Vi,

» It describes the best Lo(j) approximation of F' by an
n-dimensional space. We could restrict to linear approximation
(the best approximation is given by the orthogonal projection).
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For any D, p and F,

gSn(Fa L2) S

The result is basically from joint work with M. Dolbeault and
M. Ullrich (ACHA, 2023).

Small improvement in a paper with K. Pozharska, M. Ullrich, and
T. Ullrich (preprint).

Constants: work in progress with M. Dolbeault and M. Ullrich.
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For any D, p and F,

20 di(F, L
gsn(F, Ly) < %2%

Requires

But then already a simplified formula can be useful in high
dimensions:

gsn(F, La(D)) < 20R -n~Y/2,
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For any D, u and F,

20 dy(F, L
gsn(F, Lg) < %Z%

In particular, if d,,(F, L) < n~*log" n, then

n~%log" n if s >1/2,
gn(FyLe) S qn*log"'n ifs=1/2and r < —1,

1 otherwise.

Moreover, there exist classes I’ such that these bounds are sharp.

4
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For any D, p and F,

Z di(F, L2).

g8n(F, La) <

BE
=l
V

In fact, for any sequence of nested approximation spaces (V;,)nen,
we find a weighted least squares estimator

8n
f := argmin Zw,|g(ml) — f(x))? st

P 20
VfeF: - < N T2 (sup dista(f, V) ).
f I7=flb < 753 (sup dista(f,V2)

.
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For any D, n and F,

gan(F, La) <

There is a slightly better formula for Hilbert spaces (see ACHA):

gan(F, Lg) < de (F, Ly)?
k>n

This bound is sharp up to the constants for any possible sequence
of Kolmogorov numbers (joint work with J. Vybiral (JFAA, 2023)).
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For any D, p and F,

gSn(F) L2) S

If the approximation spaces are “nice enough”, this can be turned

into a bound for sampling numbers in L,(4) or other error norms

(see preprint with K. Pozharska, M. Ullrich, and T. Ullrich). “Nice
enough” means a good behavior of

An o sup ||f||p
revigoy ILf 12
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For any D, p and F,

gSn(Fy L2) S

The expected error of randomized algorithm behaves even nicer.
Here we have
gge;zn(Fv LQ) < 4dn(F7 L2)

See the papers by A. Cohen and M. Dolbeault (JoC, 2022) and
A. Chkifa and M. Dolbeault (SIAM JoNA, 2024).
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3. Comparison with best sparse approximation

Let B be a finite orthonormal system in Ly(u) which consists of
bounded functions and let

Sn(B) = | Span{bi,... by}
bi,...,bn€B

The best n-term widths of F' w.r.t. B are defined by

Un(FaB) ‘= sup inf Hf_gHoo
feEF  g€Xn(B)

best n-sparse approximation

worst case over model class
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For any n > 2maxycp ||b]|%,, we have

gm(n)(F7 Lp(p)) < C- n(1/271/P)+ . on(F, B).

where m(n) := Cnlog®(n) log(#B).
Note the similarity to Theorem 1 for the special case #8 = n,
where 0,,(F, B) = d,,(F, Span(B)).

Because of the condition on n, the bound is only useful for special

orthonormal systems (like Fourier or Walsh functions). The
constant C' is universal.
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For any n > 2maxycp ||b]|%,, we have

Im(n) (F7 Lp(u)) <C- n(1/2—1/p)+ : Un(Fa B)
where m(n) := Cnlog®(n) log(#B).
The bound follows from classical compressed sensing algorithms

(¢1-minimization, square-root lasso) and their analysis, for
instance, Rauhut & Ward (2016).

We only reinterpret the samples f(z;), f € F, as noisy samples of
the sparse function g(z;), g € ¥y,
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https://doi.org/10.1016/j.acha.2015.02.003

For any n > 2maxyep ||b]|%,, we have
9m(n) (F7 Lp(,u)) <C- n(1/2—1/p)+ . Un(Fa B)

where m(n) := Cnlog®(n) log(#B).

The approach was used by T. Jahn, T. Ullrich and F. Voigtlaender

(JoC, 2023) to obtain new asymptotic bounds for the sampling
numbers W,"™%([0, 1]9), p < 2.

Any linear algorithm has a worse order of convergence.
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https://doi.org/10.1016/j.jco.2023.101786

For any n > 2maxycp ||b]|%,, we have

Immy(F, Lp()) < C-n1/27YP+ 6, (F, B).

where m(n) := Cnlog®(n)log(#B).
The approach was used by K. (PAMS, 2024) to obtain tractability

results for L,-approximation in Wiener-type function classes, e.g.,
the unit ball of

C*(T%) N A(TY).

All linear algorithms suffer from the curse of dimensions.
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Thank you for your attention!
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