
Gabriel Peyré

ÉCOLE NORMALE
S U P É R I E U R E

RESEARCH  UNIVERSITY  PARIS

Universal Approximation: 
from Neural Networks 

to Transformers

Takashi 
Furuya

Maarten de 
Hoop

Valérie 
Castin

Pierre 
Ablin



In Context Mappings

Infinite depth 
and PDEs

Perceptrons: 
context-free universality

Transformers:  
in-context universality



Perceptrons and Universality

x θ1

Linear

Layer 1

θ2 … θK

Linear Linear

Layer 2 Layer 3

y
Frank 

Rosenblatt 

1958

σ σ σ



Perceptrons and Universality

x θ1

Linear

Layer 1

θ2 … θK

Linear Linear

Layer 2 Layer 3

y
Frank 

Rosenblatt 

1958

George 
Cybenko

1989

σ σ σ

σ(w, b) a
Two layers: Γθ(x) := ∑n

i=1 aiσ(⟨x, wi⟩ + bi) θ = (ai, wi, bi)i

Proof: For ,  is an algebraσ = sin {Γθ}θ   is dense{Γθ}θ

Approximate  by generic sin σ
Weierstrass

Theorem:   for sigmoid and ReLu , on a compact , σ Ω
 is dense in .{Γθ}θ (𝒞(Ω), L∞(Ω))



Perceptrons and Universality

x θ1

Linear

Layer 1

θ2 … θK

Linear Linear

Layer 2 Layer 3

y
Frank 

Rosenblatt 

1958

George 
Cybenko

1989

σ σ σ

Expressivity: role of depth?
Optimization: convergence of gradient descent.

Open 
problems

Lenaic 
Chizat

σ(w, b) a
Two layers: Γθ(x) := ∑n

i=1 aiσ(⟨x, wi⟩ + bi) θ = (ai, wi, bi)i

Proof: For ,  is an algebraσ = sin {Γθ}θ   is dense{Γθ}θ

Approximate  by generic sin σ
Weierstrass

Theorem:   for sigmoid and ReLu , on a compact , σ Ω
 is dense in .{Γθ}θ (𝒞(Ω), L∞(Ω))



The Deeper, the Better

layer name output size 18-layer 34-layer 50-layer 101-layer 152-layer
conv1 112⇥112 7⇥7, 64, stride 2
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conv3 x 28⇥28

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3⇥3, 128
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3⇥3, 128
3⇥3, 128

�
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1⇥1, 128
3⇥3, 128
1⇥1, 512
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5⇥4

2
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1⇥1, 128
3⇥3, 128
1⇥1, 512

3

5⇥4

2
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1⇥1, 128
3⇥3, 128
1⇥1, 512
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3⇥3, 256
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⇥2


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�
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1⇥1, 256
3⇥3, 256
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5⇥6
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1⇥1, 256
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1⇥1, 1024

3

5⇥36

conv5 x 7⇥7


3⇥3, 512
3⇥3, 512

�
⇥2


3⇥3, 512
3⇥3, 512

�
⇥3

2

4
1⇥1, 512
3⇥3, 512
1⇥1, 2048

3

5⇥3

2

4
1⇥1, 512
3⇥3, 512

1⇥1, 2048

3

5⇥3

2

4
1⇥1, 512
3⇥3, 512
1⇥1, 2048

3

5⇥3

1⇥1 average pool, 1000-d fc, softmax
FLOPs 1.8⇥109 3.6⇥109 3.8⇥109 7.6⇥109 11.3⇥109

Table 1. Architectures for ImageNet. Building blocks are shown in brackets (see also Fig. 5), with the numbers of blocks stacked. Down-
sampling is performed by conv3 1, conv4 1, and conv5 1 with a stride of 2.
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Figure 4. Training on ImageNet. Thin curves denote training error, and bold curves denote validation error of the center crops. Left: plain
networks of 18 and 34 layers. Right: ResNets of 18 and 34 layers. In this plot, the residual networks have no extra parameter compared to
their plain counterparts.

plain ResNet
18 layers 27.94 27.88
34 layers 28.54 25.03

Table 2. Top-1 error (%, 10-crop testing) on ImageNet validation.
Here the ResNets have no extra parameter compared to their plain
counterparts. Fig. 4 shows the training procedures.

34-layer plain net has higher training error throughout the
whole training procedure, even though the solution space
of the 18-layer plain network is a subspace of that of the
34-layer one.

We argue that this optimization difficulty is unlikely to
be caused by vanishing gradients. These plain networks are
trained with BN [16], which ensures forward propagated
signals to have non-zero variances. We also verify that the
backward propagated gradients exhibit healthy norms with
BN. So neither forward nor backward signals vanish. In
fact, the 34-layer plain net is still able to achieve compet-
itive accuracy (Table 3), suggesting that the solver works
to some extent. We conjecture that the deep plain nets may
have exponentially low convergence rates, which impact the

reducing of the training error3. The reason for such opti-
mization difficulties will be studied in the future.

Residual Networks. Next we evaluate 18-layer and 34-
layer residual nets (ResNets). The baseline architectures
are the same as the above plain nets, expect that a shortcut
connection is added to each pair of 3⇥3 filters as in Fig. 3
(right). In the first comparison (Table 2 and Fig. 4 right),
we use identity mapping for all shortcuts and zero-padding
for increasing dimensions (option A). So they have no extra
parameter compared to the plain counterparts.

We have three major observations from Table 2 and
Fig. 4. First, the situation is reversed with residual learn-
ing – the 34-layer ResNet is better than the 18-layer ResNet
(by 2.8%). More importantly, the 34-layer ResNet exhibits
considerably lower training error and is generalizable to the
validation data. This indicates that the degradation problem
is well addressed in this setting and we manage to obtain
accuracy gains from increased depth.

Second, compared to its plain counterpart, the 34-layer
3We have experimented with more training iterations (3⇥) and still ob-

served the degradation problem, suggesting that this problem cannot be
feasibly addressed by simply using more iterations.
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Figure 4. Training on ImageNet. Thin curves denote training error, and bold curves denote validation error of the center crops. Left: plain
networks of 18 and 34 layers. Right: ResNets of 18 and 34 layers. In this plot, the residual networks have no extra parameter compared to
their plain counterparts.
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Table 2. Top-1 error (%, 10-crop testing) on ImageNet validation.
Here the ResNets have no extra parameter compared to their plain
counterparts. Fig. 4 shows the training procedures.
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of the 18-layer plain network is a subspace of that of the
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We argue that this optimization difficulty is unlikely to
be caused by vanishing gradients. These plain networks are
trained with BN [16], which ensures forward propagated
signals to have non-zero variances. We also verify that the
backward propagated gradients exhibit healthy norms with
BN. So neither forward nor backward signals vanish. In
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itive accuracy (Table 3), suggesting that the solver works
to some extent. We conjecture that the deep plain nets may
have exponentially low convergence rates, which impact the

reducing of the training error3. The reason for such opti-
mization difficulties will be studied in the future.

Residual Networks. Next we evaluate 18-layer and 34-
layer residual nets (ResNets). The baseline architectures
are the same as the above plain nets, expect that a shortcut
connection is added to each pair of 3⇥3 filters as in Fig. 3
(right). In the first comparison (Table 2 and Fig. 4 right),
we use identity mapping for all shortcuts and zero-padding
for increasing dimensions (option A). So they have no extra
parameter compared to the plain counterparts.

We have three major observations from Table 2 and
Fig. 4. First, the situation is reversed with residual learn-
ing – the 34-layer ResNet is better than the 18-layer ResNet
(by 2.8%). More importantly, the 34-layer ResNet exhibits
considerably lower training error and is generalizable to the
validation data. This indicates that the degradation problem
is well addressed in this setting and we manage to obtain
accuracy gains from increased depth.

Second, compared to its plain counterpart, the 34-layer
3We have experimented with more training iterations (3⇥) and still ob-

served the degradation problem, suggesting that this problem cannot be
feasibly addressed by simply using more iterations.
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Table 2. Top-1 error (%, 10-crop testing) on ImageNet validation.
Here the ResNets have no extra parameter compared to their plain
counterparts. Fig. 4 shows the training procedures.

34-layer plain net has higher training error throughout the
whole training procedure, even though the solution space
of the 18-layer plain network is a subspace of that of the
34-layer one.

We argue that this optimization difficulty is unlikely to
be caused by vanishing gradients. These plain networks are
trained with BN [16], which ensures forward propagated
signals to have non-zero variances. We also verify that the
backward propagated gradients exhibit healthy norms with
BN. So neither forward nor backward signals vanish. In
fact, the 34-layer plain net is still able to achieve compet-
itive accuracy (Table 3), suggesting that the solver works
to some extent. We conjecture that the deep plain nets may
have exponentially low convergence rates, which impact the

reducing of the training error3. The reason for such opti-
mization difficulties will be studied in the future.

Residual Networks. Next we evaluate 18-layer and 34-
layer residual nets (ResNets). The baseline architectures
are the same as the above plain nets, expect that a shortcut
connection is added to each pair of 3⇥3 filters as in Fig. 3
(right). In the first comparison (Table 2 and Fig. 4 right),
we use identity mapping for all shortcuts and zero-padding
for increasing dimensions (option A). So they have no extra
parameter compared to the plain counterparts.

We have three major observations from Table 2 and
Fig. 4. First, the situation is reversed with residual learn-
ing – the 34-layer ResNet is better than the 18-layer ResNet
(by 2.8%). More importantly, the 34-layer ResNet exhibits
considerably lower training error and is generalizable to the
validation data. This indicates that the degradation problem
is well addressed in this setting and we manage to obtain
accuracy gains from increased depth.

Second, compared to its plain counterpart, the 34-layer
3We have experimented with more training iterations (3⇥) and still ob-

served the degradation problem, suggesting that this problem cannot be
feasibly addressed by simply using more iterations.
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Infinite Depth and Neural-ODEs
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(xt) ·xt = Γθ(t)(x(t))

T → ∞



Infinite Depth and Neural-ODEs
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x(0)
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x(1)

Trajectories cannot cross:  defines a diffeomorphism.x → x(1)
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 layersT  layersT = ∞
xt+1 = xt + 1

T Γθt
(xt) ·xt = Γθ(t)(x(t))

T → ∞

Expressivity: universality requires embedding in  space.ℝd+1

Optimization: weights could « blows » during training.
Open 

problems
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Transformers and attention mechanism

…+
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Attention as In-context Mapping
Point clouds: X := {xi}n

i=1

parameters θ := (Q, K, V)
xxj

Γθ(X, x)Γθ[X](x) := ∑
j

e⟨Qx,Kxj⟩

∑ℓ e⟨Qx,Kxℓ⟩
Vxj

In-context mapping:
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i=1

Multi-head attention layer: X ↦ {∑H
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K1, Q1

…
K2, Q2

KH, QH



Context-free layers:

Multi-layer perceptron:
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Single-head attention layer: X ↦ {Γθ[X](xi)}n
i=1

Multi-head attention layer: X ↦ {∑H
h=1 Γθh

[X](xi)}n
i=1

K1, Q1

…
K2, Q2

KH, QH



Context-free layers:

Multi-layer perceptron:

X ↦ {Γθ(xi)}n
i=1

Γθ(x) := x + θ1ReLu(θ2x)

x1
Γθ(x1)

x2
Γθ(x2)

Attention as In-context Mapping
Point clouds: X := {xi}n

i=1

parameters θ := (Q, K, V)
xxj

Γθ(X, x)Γθ[X](x) := ∑
j

e⟨Qx,Kxj⟩

∑ℓ e⟨Qx,Kxℓ⟩
Vxj

In-context mapping:

Layer norm: Γθ(x) := θ1 ⊙ x
∥x∥ + θ2

Transformer  composition of in-context and context-free layers.≡

Γθ

θ1

θ2

Single-head attention layer: X ↦ {Γθ[X](xi)}n
i=1

Multi-head attention layer: X ↦ {∑H
h=1 Γθh

[X](xi)}n
i=1

K1, Q1

…
K2, Q2

KH, QH



Attentions Operating over Measures

Γθ[X](x) := ∑
j

e⟨Qx,Kxj⟩

∑ℓ e⟨Qx,Kxℓ⟩
Vxj

Number  of token is arbitrary.n (Unmasked) attention is permutation invariant.

Γθ[μ](x) := ∫
e⟨Qx,Ky⟩

∫ e⟨Qx,Ky′ ⟩dμ(y)
Vy dμ(y)

Γθ[X]

X

μ
Γθ[μ]

μ = 1
n ∑n

i=1 δxi
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Vxj

Number  of token is arbitrary.n (Unmasked) attention is permutation invariant.

Γθ[μ](x) := ∫
e⟨Qx,Ky⟩

∫ e⟨Qx,Ky′ ⟩dμ(y)
Vy dμ(y)

Γθ[X]

X

μ
Γθ[μ]

μ = 1
n ∑n

i=1 δxi

Layers

X ↦ {Γ[X](xi)}n
i=1

μ ↦ Γ[μ]♯μ

Push-forward

Γ♯ ∑i δxi
:= ∑i δΓ(xi)

(Γ♯μ)(B) := μ(Γ−1(B))

Γ(x2)
x1

Γ(x1)

x2

Γ

Γ

μ Γ♯μ



Attentions Operating over Measures

Γθ[X](x) := ∑
j

e⟨Qx,Kxj⟩

∑ℓ e⟨Qx,Kxℓ⟩
Vxj

Number  of token is arbitrary.n (Unmasked) attention is permutation invariant.

Γθ[μ](x) := ∫
e⟨Qx,Ky⟩

∫ e⟨Qx,Ky′ ⟩dμ(y)
Vy dμ(y)

Γθ[X]

X X̃

Γθ̃[X̃]
μ

Γθ[μ]
ξ

Γλ[ξ]

μ = 1
n ∑n

i=1 δxi

Layers

X ↦ {Γ[X](xi)}n
i=1

μ ↦ Γ[μ]♯μ

Push-forward

Γ♯ ∑i δxi
:= ∑i δΓ(xi)

(Γ♯μ)(B) := μ(Γ−1(B))

Γ(x2)
x1

Γ(x1)

x2

Γ

Γ

μ Γ♯μ

Composing layers
(Γ′ ⋄ Γ)[X] := Γ′ [Y] ∘ Γ[X]

where Y := (Γ[X](xi))i

(Γ′ ⋄ Γ)[μ] := Γ′ [ξ] ∘ Γ[μ]
where ξ := Γ[μ]♯μ



In Context Mappings

Infinite depth 
and PDEs

Perceptrons 
context-free universality

Transformers:  
in-context universality



W2(μ, ν)2 := min
T

n

∑
i=1

∥xi − yT(i)∥2

Optimal Transport (Wasserstein) Distance

∥xi − yj∥
2

xi
yj

T

Monge 1784



= inf
T♯μ=ν ∫ ∥x − T(x)∥2dμ(x)

μ νT

W2(μ, ν)2 := min
T

n

∑
i=1

∥xi − yT(i)∥2

Optimal Transport (Wasserstein) Distance

∥xi − yj∥
2

xi
yj

T

Monge 1784



= inf
T♯μ=ν ∫ ∥x − T(x)∥2dμ(x)

μ νT

W2(μ, ν)2 := min
T

n

∑
i=1

∥xi − yT(i)∥2

Optimal Transport (Wasserstein) Distance

∥xi − yj∥
2

xi
yj

T

Monge 1784

General measures:
Kantorovitch relaxation

Approximation by discrete measures
or

Kantorovitch 1942



Universal Approximation

Γθ[μ](x) := x +
H

∑
h=1

∫
e⟨Qhx,Khy⟩

∫ e⟨Qhx,Khy′ ⟩dμ(y′ )
Vhy dμ(y)

Theorem [Furuya, de Hoop, Peyré]:

Let  be -continuous on a compact .Γ⋆ : 𝒫(Ω) × Ω → ℝd Wass2 × ℓ2 Ω ⊂ ℝd

For any  there exists  and  such that ε N (θ1, …, θN)

Γθ[μ](x) := MLPθ(x)or

∀(μ, x) ∈ 𝒫(Ω) × Ω, |Γ⋆[μ](x) − ΓθN
⋄ ⋯ ⋄ Γθ1

[μ](x) | ≤ ε

with  and .token dimensions ≤ 4d H ≤ d

fixed dimensions,  
arbitrary # tokens.

Masked transformers: 
requires Lipschitz 

in time.

Novelties: 

Pr
ev

iou
s w

or
ks

: [Yun, Bhojanapalli, Singh Rawat, Reddi, Kumar, 2019]  , dimension  #tokens→ H = 2 ∼

[Agrachev, Letrouit 2019]  abstract genericity hypothesis (Lie algebra/control)→

Discrete tokens: transformers are universal Turing machines: e.g. [Elhage et al 2021]

[Geshkovski, Rigollet, Ruiz-Balet, 2024]  Universal interpolation.→



Sketch of Proof

Cylindrical algebra:

γθ[μ](x) := ⟨x, u⟩ + ∫
e⟨Ax+b,y⟩

∫ e⟨Ax+b,y⟩dμ(y)
(⟨v, y⟩ + c)dμ(y)

 First component of Attention  MLP with skip connnexion.→ ∘

1-D elementary block:

𝒜 := Span⋃N {γθ1
⊙ ⋯ ⊙ γθN

: (θ1, …, θN)}

θ := (A, b, c, u, v)

(γ1 ⊙ γ2)[μ](x) := γ1[μ](x)γ2[μ](x)



Sketch of Proof

Cylindrical algebra:

γθ[μ](x) := ⟨x, u⟩ + ∫
e⟨Ax+b,y⟩

∫ e⟨Ax+b,y⟩dμ(y)
(⟨v, y⟩ + c)dμ(y)

 First component of Attention  MLP with skip connnexion.→ ∘

1-D elementary block:

𝒜 := Span⋃N {γθ1
⊙ ⋯ ⊙ γθN

: (θ1, …, θN)}

θ := (A, b, c, u, v)

(γ1 ⊙ γ2)[μ](x) := γ1[μ](x)γ2[μ](x)

Proposition: any map  
with  can be uniformly approximated by a 

transformer with skip connexions.

(μ, x) → (α1[μ](x), …, αd[μ](x)) ∈ ℝd

αi ∈ 𝒜

Use 1D dimension by dimension  requires  heads.→ H = d

Multiplications ⊙

double 
dimension.

Compositions ∘double dimension

Compositions ∘ In-context ⋄

Use MLPs Embedding 
dimenson = 4dPr

oo
f s

ke
tch

:



Sketch of Proof

Lemma:  is dense in continuous maps  for 𝒜 𝒫(Ω) × Ω → ℝ Wass2 × ℓ2

γθ[μ](x) := ⟨x, u⟩ + ∫
e⟨Ax+b,y⟩

∫ e⟨Ax+b,y′ ⟩dμ(y′ )
(⟨v, y⟩ + c)dμ(y) 𝒜 := Span⋃N {γθ1

⊙ ⋯ ⊙ γθN
}
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 is compact.𝒫(Ω) × Ω

Proof:

 are continuous.γθ

, :A = b = u = v = 0 c = 1
γθ[μ] = 1

∀θ, γθ[μ](x) = γθ[μ′ ](x′ )

(μ, x) = (μ′ , x′ )
⟹?
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Sketch of Proof

Lemma:  is dense in continuous maps  for 𝒜 𝒫(Ω) × Ω → ℝ Wass2 × ℓ2
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e⟨Ax+b,y⟩

∫ e⟨Ax+b,y′ ⟩dμ(y′ )
(⟨v, y⟩ + c)dμ(y) 𝒜 := Span⋃N {γθ1
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:   c = v = 0 ⟨x, u⟩ = ⟨x′ , u⟩

:    A = c = u = 0 L1(μ)(b) = L1(μ′ )(b)

Lk(μ)(b) := ∫
ebyykv

∫ eby′ dμ(y′ )
dμ(y)In 1-D:

In higher dimensions: use Radon transform.

L′ k = Lk+1 − LkL1

L1(μ) = L1(μ′ ) ⇒ ∀k, Lk(μ) = Lk(μ′ ) ⇒ ∀k, ∫ ykdμ(y) = ∫ ykdμ′ (y)St
on

e-
W
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er
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 is compact.𝒫(Ω) × Ω

Proof:

 are continuous.γθ

, :A = b = u = v = 0 c = 1
γθ[μ] = 1

∀θ, γθ[μ](x) = γθ[μ′ ](x′ )

(μ, x) = (μ′ , x′ )
⟹?



In Context Mappings

Infinite depth 
and PDEs

Perceptrons 
context-free universality

Transformers:  
in-context universality



Infinite Depth as a Neural PDE

Γθ[μ](x) := ∫
e⟨Qx,Ky⟩

∫ e⟨Qx,Ky′ ⟩dμ(y′ )
Vy dμ(y)

xi(t + 1) = xi(t) +
1
T

Γθ(t)[μ(t)](xi(t))

μ(t) = 1
n ∑n

i=1 δxi(t)θ = (Q, K, V)



Infinite Depth as a Neural PDE

Γθ[μ](x) := ∫
e⟨Qx,Ky⟩

∫ e⟨Qx,Ky′ ⟩dμ(y′ )
Vy dμ(y)

xi(t + 1) = xi(t) +
1
T

Γθ(t)[μ(t)](xi(t))

μ(t) = 1
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i=1 δxi(t)θ = (Q, K, V)

T → + ∞
Infinite depth

dxi

dt
(t) = Γθ(t)[μ(t)](xi(t))

Coupled 
EDOs
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Vy dμ(y)

xi(t + 1) = xi(t) +
1
T

Γθ(t)[μ(t)](xi(t))

μ(t) = 1
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i=1 δxi(t)θ = (Q, K, V)

T → + ∞
Infinite depth

dxi

dt
(t) = Γθ(t)[μ(t)](xi(t))

Coupled 
EDOs

dμ
dt

+ div(μΓθ[μ] ) = 0 Transformer 
PDE

[Sander, Ablin, Blondel, Peyré, 2022]
[Geshkovski, Letrouit, Polyanskiy, Rigollet 2023]

 Not a Wasserstein flow.→

Mean 
field

Michael 
Sander



Infinite Depth as a Neural PDE

Γθ[μ](x) := ∫
e⟨Qx,Ky⟩

∫ e⟨Qx,Ky′ ⟩dμ(y′ )
Vy dμ(y)

xi(t + 1) = xi(t) +
1
T

Γθ(t)[μ(t)](xi(t))

μ(t) = 1
n ∑n

i=1 δxi(t)θ = (Q, K, V)

T → + ∞
Infinite depth

dxi

dt
(t) = Γθ(t)[μ(t)](xi(t))

Coupled 
EDOs

dμ
dt

+ div(μΓθ[μ] ) = 0 Transformer 
PDE

[Sander, Ablin, Blondel, Peyré, 2022]
[Geshkovski, Letrouit, Polyanskiy, Rigollet 2023]

 Not a Wasserstein flow.→

Mean 
field

Michael 
Sander

Transformer:   Tθ[μ0] : x(t = 0) x(t = 1)
·x = Γθ[μ](x)
μ(t = 0) = μ0

Training:
minθ ∑k ℓ(Tθ[μk](xk), yk)
Context Previous Next

« Theorem » convergence to the global minimum if
initial loss small enough
enough heads

 separated(μk)k



Gaussian Case and Clustering

dμ
dt

+ div(μΓθ[μ]) = 0

Theorem [Valérie Castin]: If ,μ(0) = 𝒩(m(0), Σ(0))

·m = V(Id+ΣQ⊤K)m
·Σ = VΣQ⊤KΣ + ΣK⊤QΣV⊤

Γθ[μ](x) := ∫
e⟨Qx,Ky⟩

∫ e⟨Qx,Ky′ ⟩dμ(y′ )
Vy dμ(y) θ(t) = (Q(t), K(t), V(t))

then μ(s) = 𝒩(m(s), Σ(s)) t

μ(0) μ(t)



Gaussian Case and Clustering

dμ
dt

+ div(μΓθ[μ]) = 0

Theorem [Valérie Castin]: If ,μ(0) = 𝒩(m(0), Σ(0))

·m = V(Id+ΣQ⊤K)m
·Σ = VΣQ⊤KΣ + ΣK⊤QΣV⊤

Γθ[μ](x) := ∫
e⟨Qx,Ky⟩

∫ e⟨Qx,Ky′ ⟩dμ(y′ )
Vy dμ(y) θ(t) = (Q(t), K(t), V(t))

then μ(s) = 𝒩(m(s), Σ(s))

Theorem [Valérie Castin]:
If  and  symmetric, 
stationary points of  have rank less 
than 

V(t) = Id K(t)⊤Q(t)
Σ(t)

d/2.

Conjecture: low-rank stationary 
covariances for any .K, Q, V

…

t
μ(0) μ(∞)

[Geshkovski, Letrouit, Polyanskiy, Rigollet 2023]
 The attention matrix converges to low-rank.→
 Clustering of  for un-normalized attention.→ μ

t

μ(0) μ(t)



Open Problems and their Solutions

Universality:

Optimisation: Understand the structure of optimal (Q, K, V)

Toward quantitative approximation bound, leverage smoothness.

Getting Albert 
interested in my 

problems


