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Open <:Expressivity: role of depth?

problems

Optimization: convergence of gradient descent.



|\ Standard Neural Networks
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Residual Neural Networks (ResNets)
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___ Infinite Depth and Neural-ODEs

T layers T = oo layers
1 .
Xep] = X T 7F Ht(xt) X, = Ligpy(x(2))




___ Infinite Depth and Neural-ODEs

T layers T = oo layers
1 .
Xep] = X T 7F Ht(xt) X, = Ligpy(x(2))

z(0)

o z(1)
)
0\/.

Trajectories cannot cross: x — x(1) detines a ditfeomorphism.

i

<: Expressivity: universality requires embedding in

T — o

e

R*1 space.

Open

problems Optimization: weights could « blows » during training.



In Context Mappings




Transformers and attention mechanism

Le groupe thématique SMAI-
SIGMA
Géomeétrie-Modélisation-

(Signal-Image-
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Arbitrary number of tokens
Arbitrary number of layers

Expressivity



Attentlon as In -context Mapplng
’ P01nt clouds X = {x}

Qx Kx;) ]

In-context mapping: CX](x) = Vx

parameters 0 := (Q, K, V)
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Attention as In-context Mapping

In-context mapping:
parameters 0 := (Q, K, V)

Single-head attention layer:

Multi-head attention layer:

[l X] (x) 1=

p (Ox,Kx;)

X = {T[X1(x) P

X {30 Ty X106 M

ij

; Z/ e(QX,KX/)




Attention as In-context Mapping
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Attention as In-context Mapping
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Attentlon as In -context Mapplng
’ P01nt clouds X = {x}

o o o
X i @
. . Q.X Kx> ] ®... *' ;X O
In-context mapplng. o X](x) = Z Vi, ,_..;{ o [ o(X, x)
parameters 6 := (0, K, V) Z o{(0x.Kx,) ;e
@) o ®
Single-head attention layer: X~ {I”Q[X](xi)}?=1 K, O,
K,, O,
Multi-head attention layer: X — {Z:I:l I @h[X](xi)}?zl Ky, Oy
_ : n [
Context-free layers: X = {Ty(x) e, % o e Ty(x)) _ 0
>0 @
Multi-layer perceptron: I'y(x) := x + 6;ReLu(6,x) A hay Lol) t* o ‘22
—>@ —>
*
Layer norm: T'y(x) :=6,0 ”i” -0, > .\*‘0 —>

Transformer = composition of in-context and context-free layers.



Attentlons Operatlng over Measures

Number n of token 1S arb1trary (Unmasked) attentlon 1S permutatln 1nr1nt
w 2 o {Ox.Kx;) J* o (OX.Ky) Vs duso)
[p[X](x) := Vx; = Vy du(y
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Attentlons ()peratlng over Measures

Numbern of token 1S arb1trary (Unmasked) attentlon 1S permutatn1t
(Ox,Kx;) o (Ox.Ky)
e J
[l X[(x) 1= Vx; = J Vy du(y)
]Z ZfdeaKxﬁ J Ie(QXK >dlu(y)
o X ®
o. ¥ o °® ¥ L
g e
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Attentlons ()peratlng over Measures

Number of token 1S arb1trary (Unmasked) attentlon 1S permutatn1t
(Ox,Kx;) <QX»K)’>
e J
[ [X](x) := Vx. = Vyd
1 X100 Z Zf@(QX,KXf> ¥ J je<QxK >d,u(y) Vy du(y)
o X o X ®
: 9 @ ¢ AP o iy
¢ CIVPE. SV
[ //t 5
Push-forward X| o I e I'(x) Layers Composing layers
D I X = {T[X]x) Ve, (" o D)[X] := T"[Y] o [[X]
I
(Cyu)(B) := (T~ (B)) - : i Tl (I o D)[p] := T[] o T[p]

U Fﬂﬂ where & := I'[ulyu
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Transformers:
-context universalitg
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Optimal Transport (Wasserstein) Distance
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Optimal Transport (Wasserstein) Distance

Ai 04/\\2' ®- w < e
| B Monge 1784

Wyu,v)? i=min ) |l =y, 17 = inf | [lx = 7Col2du(x)
T l=1 Tﬁ//t=1/



Optimal Transport (Wasserstein) Distance
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Kantorovitch relaxation

(General measures: or

Approximation by discrete measures
Kantorovitch 1942



Universal Approximation

Lol () +ZJ ‘ vty du(y) [y[11(x) := MLPy(x)
X) . —m X —
oLH £ J6<QhX,Khy'>d//t(y') yauly) or olp](x o(x
Theorem |Furuya, de Hoop, Peyré|: Novelties:
Let T : P(Q) X Q — RY be Wass, X #*-continuous on a compact Q C R, fixed dimensions,

arbitrary # tokens.
For any ¢ there exists N and (8,, ..., 0y) such that

Masked transformers:
requires Lipschitz

with token dimensions < 4d and H < d. In time.

V(1 x) € P(Q) X Q, T[] (x) = Ty 0 - 0 Ty [ul(x)] < &

['Yun, Bhojanapalli, Singh Rawat, Reddi, Kumar, 2019] — H = 2, dimension ~ #tokens
|Geshkovski, Rigollet, Ruiz-Balet, 2024] — Universal interpolation.

[Agrachev, Letrouit 2019] — abstract genericity hypothesis (Lie algebra/control)

Previous works:

Discrete tokens: transformers are universal Turing machines: e.g. [Elhage et al 2021}



P (Ax+b,y)

J e (Ax+b,y)dlu (y)

1-D elementary block: Yolpul(x) := (x,u) + J (v, y) + o)du(y) 0:.=(A,b,c,u,v)

— First component of Attention - MLP with skip connnexion.

Cylindrical algebra: o = Span UN{Vel © - OV, 0, ....04)} (71 © Y)lulx) == rlul )y [p](x)



P (Ax+b,y)

1-D elementary block: Yolul(x) == (x,u) + J [t +b)dp(y) (v, + () 0:=(A,b,¢uv)

— First component of Attention - MLP with skip connnexion.

Cylindrical algebra: o/ = Span UN{?’el OO, - (0}, ..., Oy) ] (r1 © Y)lulx) ==y lulO)y, 1l (x)

Proposition: any map (4, x) = (o[u](x), ..., o [u](x)) € R
with a; € &/ can be uniformly approximated by a
transformer with skip connexions.

Use 1D dimension by dimension — requires H = d heads.

C 1. L. double dimension .
Multiplications © ———— Compositions o

Use M LPs Embedding
double dimenson = 4d

Compositions o B Frpe— In-context ¢
imension.

Proof sketch:



P (Ax+b,y)

J 0 (Ax+b,y’)dlu (y )

1) = () + J (vy)+Oduy) o = SpanUy (75, © - © 7.}

Lemma: of is dense in continuous maps P(Q) X Q — R for Wass, X £?



P (Ax+b,y)

Lemma: of is dense in continuous maps P(Q) X Q — R for Wass, X £?

Proof:
P() X € 1s compact.

Yp are continuous.

A=0b

Stone-Welerstrass
theorem

VO, vl p1(x) . Yolp'1(x")
—
(u, x) = (4, x)



P (Ax+b,y)

Lemma: of is dense in continuous maps P(Q) X Q — R for Wass, X £?

Proof c=v=0: (x,u)={(x",u)

P() X € 1s compact.
Yp are continuous.

A=0b

Stone-Welerstrass
theorem

VO, vl p1(x) > Yolp'1(x")
—
(u, x) = (u',x’)



Sketch of Proof
(Ax+b,y)

Lemma: of is dense in continuous maps P(Q) X Q — R for Wass, X £?

Proof: c=v=0: (xu)=(x,u)
P() X € 1s compact. A=c=u=0: Lu)b)=Lu)b)
% Yp are continuous. PLANTLSY
7 z Inl-D: L)) = J byg ~du(y)
.gg A=b=u=v=0,c=1: je H(y')
= 3 Yolul =1 Ly = Ly — LiL,
=
-
S V0, ylul(x) > Yolu'](x') Li(u) = Li(u") = Vk, Li(u) = Li(u) = V&, [y'du(y) = [ydu'(y)

—

PRI In higher dimensions: use Radon transform.
(1, x) = (1', x')
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Inflnlte Depth as a Neural PDE
——— T

['glpe](x) :=J Vy du(y) 0=(0,K, V) ult)=- Z, 1 Ox(s)

Ie(QXa Y )d,u(y )

1
x(t+ 1) =x(0) + ?Fe(;)[ﬂ(t)](xi(t))




Inflnlte Depth as a Neural PDE
——— T

[lpl(x) := J Ie<Qx’ > du(y) Vy du(y) 0=(0,K,V) p(t) = Zl 1 Ox(s)
| 1 r T — + o dx; . Coupled
- = x(1) + — (1)) r— (1) = |
X+ 1) = x(0) + Lo | HDIx(D) == on (1) = Ly [u@®]1(x(0)) EDOs
./70—" /_/\‘
o o ®
‘H&’:‘ 0\/\—"

.\:._,‘ .\/\/-A.




__Infinite Depth as a Neural -

Vydu(y)  0=(Q,K,V) u@®=-" 6

['plpl(x) = J

[ et0xky)du(y)
1 T = + 0o dx; Coupled
x(t+1)=x(t) + =1 D](x(t)) m— —— () = | 1) (x:(t
(14 1) = 30) 4 L HOI0(0) = () = Ty [u(DI05(0)  EDOS
—" ¢
o o ® Mean
o o ° d_ﬂ + div(ul,[u] ) = 0 Transformer ' field
o ° ‘ ° dt PDE e
‘\>._,. — Not a Wasserstein tlow.
|Sander, Ablin, Blondel, Peyré, 2022]
|Geshkovski, Letrouit, Polyanskiy, Rigollet 2023]




__Infinite Depth as a Neural -

(14 1) = 500 + T D)5 0) a2y Yy 1 L) EDOS.
& & 7 %0 PRI Infinite depth dr o AT EDOs
o./> o " d Mean
o o * au + div(uly[u] ) = 0 Transformer ' field
o o o dr PDE oo™
‘\>‘_,. — Not a Wasserstein tlow. ’ :
|Sander, Ablin, Blondel, Peyré, 2022]
|Geshkovski, Letrouit, Polyanskiy, Rigollet 2023]
: k¢ k k
=T [u](x) . My Zk C(Tolpe™1(x), y%)
T . T : —0)—%" "8 (1= 1 Training:
rangjormer: Tolpol : x(t = 0) u(t = 0) =y, X ) Context Previous Next

initial loss small enough

« Theorem » convergence to the global minimum if < enough heads
(u"), separated



Gaussian Case and Clustering

o (Ox.Ky)

[plul(x) = J Vydu(y)  0@t) = (Q®9), K(1), V(1)) w + div(ulp[u]) = 0

je<Qx,Ky'>du<y'> dt

Theorem |Valérie Castin]: If u(0) = A/ (m(0), 2(0)),
7= V(Id+Z0'K
e w(s) = ). (60 < i = V(Id+ZQ K)m /\t

S T T
> =VIQ'KZ+ZK'OxV' 4(0) u(t)




Gaussian Case and Clustering

o (Ox.Ky)

['plpl(x) = J'

Vyd
( e (0x.Ky)du(y") y )

du

0(r) = (Q(0), K@), V(1)) — + div(ulglul) =0

ds

Theorem |Valérie Castinl: If u(0) = A/ (m(0), 2(0)),

1= V(Id
then u(s) = A (m(s), 2(s)) < " (

Theorem [Valérie Castin]:

If V(¢) = Id and K(¢)' O(r) symmetric,
stationary points of 2(7) have rank less
than d/2.

u(0) u(oo)

>=VIQ'KX +2K'QOxV'

>QO"K)m
1(0) p(t)

Conjecture: low-rank stationary
covariances for any K, O, V.

|Geshkovski, Letrouit, Polyanskiy, Rigollet 2023|
— The attention matrix converges to low-rank.
— Clustering of u for un-normalized attention.



Universality: ~ Toward quantitative approximation bound, leverage smoothness.

Optimisation: Understand the structure of optimal (O, K, V)
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problems




